Multidimensional model describing the cosmological evolution of n Einstein spaces in the theory with l scalar fields and forms is considered. When electromagnetic composite p-brane ansatz is adopted, and certain restrictions on the parameters of the model are imposed, the dynamics of the model near the singularity is reduced to a billiard on the (N − 1)-dimensional Lobachevsky space H N −1 , N = n + l. The geometrical criterion for the finiteness of the billiard volume and its compactness is used. This criterion reduces the problem to the problem of illumination of (N − 2)-dimensional sphere S N −2 by point-like sources. Some examples with billiards of finite volume and hence oscillating behaviour near the singularity are considered. Among them examples with square and triangle 2-dimensional billiards (e.g. that of the Bianchi-IX model) and a 4-dimensional billiard in "truncated" D = 11 supergravity model (without the Chern-Simons term) are considered. It is shown that the inclusion of the Chern-Simons term destroys the confining of a billiard.
Introduction
At present there exists a special interest to the so-called M-and F-theories [1, 2, 3, 4] . These theories are "supermembrane" analogues of superstring models [5] in D = 11, 12 etc. The low-energy limit of these theories leads to models governed by the action
where g = g M N dz M ⊗ dz N is a metric, ϕ = (ϕ α ) ∈ IR l is a vector from dilatonic scalar fields, (h αβ ) is a positively-defined symmetric l × l matrix (l ∈ IN), θ a = ±1,
is a n a -form (n a ≥ 1) on a D-dimensional manifold M, D > 2, Λ is cosmological constant and λ a is a 1-form on IR l : λ a (ϕ) = λ aα ϕ α , a ∈ ∆, α = 1, . . . , l. In (1.1) we denote
3)
a ∈ ∆, where ∆ is some finite (non-empty) set. In models with one time all θ a = 1 when the signature of the metric is (−1, +1, . . . , +1). In [6] it was shown that after dimensional reduction on the manifold
with M i being Einstein space (i = 1, . . . , n) and when the composite p-brane ansatz is considered (for review see, for example, [6, 7, 8, 9, 10, 11] ) the problem is reduced to the gravitating self-interacting σ-model with certain constraints imposed. For electric p-branes see also [12, 13, 14] (in [14] the composite electric case was considered). In cosmological (or spherically symmetric) case M * = IR and the problem is effectively reduced to a Toda-like system with the Lagrangian [16] 5) and the zero-energy constraint E = 0 imposed, where (Ḡ AB ) is a non-degenerate symmetric N × N matrix (N = n + l), A s = 0, x = (x A ) ∈ IR N , U s = (U s A ) ∈ IR N , s ∈ S * . The considered cosmological model contains some stringy cosmological models (see for example [17] ). It may be obtained (at a classical level) from a multidimensional cosmological model with a perfect fluid [18, 19] as a special case.
The integrability of the Lagrange equations corresponding to (1.5) crucially depends upon the scalar products (U s 1 , U s 2 ), s 1 , s 2 ∈ S * , where s, s ′ ∈ S * , a class of cosmological and spherically-symmetric solutions was obtained in [16] . Special cases were also considered in [20, 21, 23, 22] . Recently the "orthogonal" solutions were generalized to so-called "block orthogonal" case [24, 25] .
This paper is devoted to the investigation of the possible oscillating (and probably stochastic) behaviour near the singularity (see [27] - [45] and references therein) for cosmological models with p-branes.
We remind that near the singularity one can have an oscillating behavior like in the well-known mixmaster (Bianchi-IX) model [27] - [30] (see also [39] - [42] ). Multidimensional generalizations and analogues of this model were considered by many authors (see, for example, [31] - [38] ). In [43, 44, 45] a billiard representation for a multidimensional cosmological models near the singularity was considered and a criterion for a volume of the billiard to be finite was established in terms of illumination of the unit sphere by pointlike sources. For perfect-fluid this was considered in detail in [45] . Some topics related to general (non-homogeneous) situation were considered in [46] .
Here we apply the billiard approach suggested in [43, 44, 45 ] to a p-brane cosmology. The cosmological model with p-branes may be considered as a special case of a cosmological model for multicomponent perfect fluid with the equations of state for "brane" components: p
The paper is organized as follows. In Sec. 2 the cosmological model with p-branes is considered. Sec. 3 deals with the Lagrange representation to equations of motion and the diagonalization of the Lagrangian. In Sec. 4 a billiard approach in the multidimensional cosmology with p-branes is developed. A necessary condition for the existence of oscillating (e.g. stochastic behaviour) near the singularity is established:
where m is the number of p-branes. In Sections 5 and 6 some examples of billiards (e.g. in truncated D = 11 supergravity etc.) are considered.
The model
Equations of motion corresponding to (1.1) have the following form
2)
3) a ∈ ∆; α = 1, . . . , l. In (2.2) λ α a = h αβ λ aβ , where (h αβ ) is a matrix inverse to (h αβ ). In (2.1)
where 
with the metric g = we 8) where w = ±1, t is a distinguished coordinate which, by convention, will be called "time";
i is a metric on M i satisfying the equation 
In what follows we omit "hats" for simplicity.
Each manifold M i is assumed to be oriented and connected, i = 1, . . . , n. Then the 10) and the signature parameter
are correctly defined for all i = 1, . . . , n. Let Ω 0 = {∅, {1}, . . . , {n}, {1, 2}, . . . , {1, . . . , n}} (2.12)
be a set of all subsets of I 0 ≡ {1, . . . , n}. (2.13)
We define a form
of rank
and a corresponding p-brane submanifold
We also define ε-symbol
For fields of forms we adopt the following "composite electro-magnetic" ansatz
Here ⊔ means the union of non-intersecting sets. The set S consists of elements s = (a s , v s , I s ), where a s ∈ ∆, v s = e, m and I s ∈ Ω a,vs are "color", "electro-magnetic" and "brane" indices, respectively. For dilatonic scalar fields we put 26) in electric and magnetic cases respectively.
Lagrange representation
Here, like in [16] , we impose a restriction on p-brane configurations, or, equivalently, on Ω a,v . We assume that the energy momentum tensor (T M N ) has a block-diagonal structure (as it takes place for (g M N )). Sufficient restrictions on Ω a,v that guarantee a block-diagonality of (T M N ) are the following ones:
1. for any a ∈ ∆ and v = e, m there are no I, J ∈ Ω a,v such that
2. for any a ∈ ∆ there are no I ∈ Ω a,m and J ∈ Ω a,e such that
is a "dual" set (I 0 is defined in (2.13)). The restrictions (3.1) and (3.2) are trivially satisfied when n 1 ≤ 1 and n 1 = 0 respectively, where n 1 is the number of 1-dimensional manifolds among M i . It follows from [6] (see Proposition 2 in [6] ) that the equations of motion (2.1)-(2.3) and the Bianchi identities dF 
is a potential with
and
is the lapse function,
, (more explicitly, (3.10) reads: ε s = ε(I s )θ as for v s = e and ε s = −ε[g]ε(I s )θ as for v s = m)
are components of a "pure cosmological" minisupermetric; i, j = 1, . . . , n [26] .
is an indicator of i belonging to I. The potential (3.6) reads
where
The integrability of the Lagrange system (3.5) depends upon the scalar products of the co-vectors U Λ , U j , U s corresponding toḠ:
is a matrix inverse to (3.15). Here (as in [26] )
25)
i, j = 1, . . . , n. These products have the following form [6] (
First we integrate the "Maxwell equations" (for s ∈ S e ) and Bianchi identities (for s ∈ S m ):
where Q s are constants, s ∈ S. We put
for all s ∈ S.
For fixed charges Q = (Q s , s ∈ S) Lagrange equations for the Lagrangian (3.5) corresponding to (x A ) = (φ i , ϕ α ), (when relations (3.32) are substituted) are equivalent to Lagrange equations for the Lagrangian [16] 
(Ḡ AB ) and V are defined in (3.15) and (3.18) respectively.
Diagonalization of the Lagrangian
The minisuperspace metric (3.14) has a pseudo-Euclidean signature (−, +, . . . , +), since the matrix (G ij ) has the pseudo-Euclidean signature, and (h αβ ) has the Euclidean one.
Hence there exists a linear transformation
diagonalizing the minisuperspace metric (3.14)
where where e a = (e a A ). Inverting the map (3.36) we get
where for components of the inverse matrix (e Like in [45] we put
and hence
In z-coordinates (3.36) with z 0 from (3.44) the Lagrangian (3.34) reads
is a potential,
is an index set and
. . , n; s ∈ S. Here we denote 
r ∈ S * . For the Λ-term and curvature-term components we obtain from (3.43) and (3.50)
For "brane" components we get from (3.16), (3.43) and (3.50)
We remind that (see (3.26) and (3.27) ) that
Billiard representation
Here we put the following restrictions on parameters of the model:
s ∈ S. For θ a = 1, a ∈ ∆, and ε[g] = −1, the first restriction means that all ε(I s ) = 1, s ∈ S, i.e. all p-branes are either Euclidean or contain even number of "times". Restriction (ii) implies
As we shall see below, both restrictions are necessary for a formation of potential walls in the Lobachevsky space when a certain asymptotic in time variable is considered.
Here we consider a behaviour of the dynamical system, described by the Lagrangian (3.45) with the potential (3.46) for N ≥ 3 in the limit
where V − ≡ {(z 0 , z) ∈ IR N |z 0 < −| z|} is the lower light cone. For the volume scale factor
(q > 0) we have in this limit v → +0. Under certain additional assumptions the limit (4.4) describes an approaching to the singularity. Due to relations (3.48), (3.51)-(3.53), (4.1) and (4.3) the parameters U r in the potential (3.46) obey the following restrictions:
Now we restrict the Lagrange system (3.45) on V − , i.e. we consider the Lagrangian [36, 37] which reduce the problem to a unit disk
10)
| y| < 1, we get for the Lagrangian (3.45)
12)
i, j = 1, . . . , N − 1, and
We note that the (
with the metrich =h ij ( y)dy i ⊗ dy j is one of the realization of the (N − 1)-dimensional Lobachevsky space H N −1 . We fix the gauge N = exp(−2y
Then, it is not difficult to verify that the Lagrange equations for the Lagrangian (4.11) with the gauge fixing (4.6) are equivalent to the Lagrange equations for the Lagrangian
with the energy constraint imposed Now we are interested in a behavior of the dynamical system in the limit y 0 → −∞ (or, equivalently, in the limit
we get lim
Using relations (4.6), (4.7) and relations (4.19), (4.23), (4.24) we obtain
The potential V ∞ may be written as follows
where So, in the limit y 0 → −∞ we are led to the dynamical system 33) which after the separating of y 0 variable
(ω = 0 , t 0 are constants) is reduced to the Lagrange system with the Lagrangian
Due to (4.34)
We put ω > 0, then the limit t → −∞ describes an approach to the singularity. When S = ∅ the Lagrangian (4.35) describes a motion of a particle of unit mass, moving in the (N − 1)-dimensional billiard B ⊂ D N −1 (see (4.28) ). The geodesic motion in B corresponds to a "Kasner epoch" and the reflection from the boundary corresponds to the change of Kasner epochs [45] .
Let the billiard B has an infinite volume: volB = +∞ and there are open zones at the infinite sphere | y| = 1. After a finite number of reflections from the boundary a particle moves towards one of these open zones. In this case for a corresponding cosmological model we get the "Kasner-like" behavior in the limit t → −∞ and the absence of a stochastic behaviour.
Let volB < +∞. There are two possibilities in this case: i) the closure of the billiard B is compact (in the topology of D N −1 ) ; ii)B is non-compact. In these two cases the motion of a particle is oscillating.
In [45] we proposed the simple geometric criterion for finiteness of volume of B and compactness ofB in terms of the positions of the points (4.30) with respect to the (N −2)- Thus, we obtain the restriction (1.8). According to this restriction the number of p-branes m = |S| should at least exceed the critical value N = n + l for the existence of oscillating (e.g. stochastic) behaviour near the singularity. We remind that Kasner-like solutions have the following form
where A i > 0, ϕ β 0 are constants i = 1, . . . , n; β, γ = 1, . . . , l; a ∈ ∆. These solutions correspond to zero p-brane charges. If the vector of Kasner parameters α = (α A ) = (α i , α γ ) obeys the relations
s ∈ S, then the field configuration (4.38)-(4.41) is the asymptotical (attractor) solution for a family of (exact) solutions with non-zero charges: Q s = 0, when τ → +0. Relations (4.42) may be easily understood using relations (3.32). Indeed, from (3.32) and zero value limits for forms F a , a ∈ ∆, we get
for τ → +0. These relations imply (4.42). Now we give a rigorous explanation of (4.42). Let us denote by K a set of Kasner vector parameters α = (α A ) ∈ IR N satisfying (4.40). K is an ellipsoid isomorphic to S N −2 . The isomorphism is defined by the relations
Here we use the diagonalizing matrix (e A a ) and the parameter q defined in subsection 3.1 (see (3.43) [45] .
Proposition 2. Billiard B (4.28) has a finite volume if and only if there are no α satisfying the relations (4.40) and (4.42).
The positions of sources are defined (up to O(N − 1)-rotation) by scalar products
Thus, we obtained a billiard representation for the model under consideration when the restrictions (4.1) and (4.2) are imposed. Now we relax the first restriction, i.e. we put
for some s ∈ S. Relation (4.49) occurs when spherically symmetric solutions with pbranes are considered [16, 25] . In this case we may obtain "waterfall potentials" with V = −∞ instead of V = +∞ inside of "walls". The "waterfall potentials" prevent the oscillating behaviour near the singularity but meanwhile do not forbid the existence of solutions with Kasner-like asymptotical behaviour (if there are open shadow zones). Let us consider the following example:
for all s ∈ S, i.e. all "branes" overlap the one-dimensional space M 1 . In this case the Kasner set 
Examples of two-dimensional billiards
In this section we give several examples of two-dimensional billiards with finite areas that occur in the models under consideration.
Billiard is a square
Here we consider a model defined on the manifold
governed by the Lagrangian
i.e. we have two electric branes corresponding to the form F 1 , and two magnetic branes corresponding to F 2 . Branes s 1 and s 3 "live" in M 1 and branes s 2 and s 4 "live" in M 2 . We put
Then from (4.48) we get
This means that the points v 
Billiard is a triangle
Let us consider a model defined on
and governed by the Lagrangian where
i.e. we have three electric branes corresponding to the form F 1 . The brane s i "lives" in
From (4.48) we get
, form a triangle in IR 2 containing S 1 and all points of S 1 are illuminated by these three points. The billiard (4.28) is a sub-compact triangle in the Lobachevsky space D 2 . For d = 2 it is depicted on Fig. 2 . For d = 1 we obtain (at least formally) the billiard B depicted on Fig. 3 . The closure of B is not compact but the area of B is finite. This billiard appears in the well-known Bianchi-IX model (for a review, see [39, 40, 45] ). For d = 1 the restriction on composite p-branes (3.1) is not satisfied but to avoid this obstacle we may consider non-composite case when the Lagrangian (5.8) is replaced by the following Lagrangian in the dimension 12) and the relation (5.9) is replaced by its non-composite analogue:
6 D = 11 supergravity 6.1 "Truncated" D = 11 supergravity
Now we consider a "truncated" bosonic sector of D = 11 supergravity governed by the action ("truncated" means without Chern-Simons terms)
where F = dA = F 1 is a 4-form. In this case we have electric 2-branes (d(I s ) = 3) and magnetic 5-branes (d(I s ) = 6). 
Scalar products (6.2)-(6.6) are (in some sense) "building blocks" for constructing billiards for the model under consideration. Now we suggest an example of a billiard with a finite volume that occurs in the truncated D = 11 supergravity. Let us consider the metric (2.8) defined on the manifold
where all (M i , g i ), i = 1, . . . , 5, are 2-dimensional Einstein manifolds of the Euclidean signature and w = −1.
We consider ten magnetic 5-branes wrapped on six-dimensional "submanifolds"
Thus, the 5-branes are labeled by indices s = s(i, j, k) = (1, m, {i, j, k}) , (6.8)
It follows from (6.3) and ( 9) and
This proposition is a consequence of the following statement.
satisfy the relations (6.9) and 11) and α 1 + α 2 + α 3 = 0 only if α = α 1 , where
Proof. Let us consider the set K of Kasner vector parameters α = (α 1 , . . . , α 5 ) ∈ IR 5 satisfying (6.9). Let
G is an open submanifold of the 3-dimensional "Kasner" manifold K andḠ is a closure of G.Ḡ is compact subset of K. Let us consider a smooth function f :
Let f | = f |Ḡ be a restriction of f onḠ. f | is a continuous function reaching an (absolute) maximum on the compact (topological) spaceḠ: 16) α max ∈Ḡ. It is clear that C ≥ 0, since C ≥ f (α 1 ) = 0, where α 1 is defined in (6.12) . To prove the proposition it is sufficient to prove that the point of maximum α max is unique and
Let us prove the relation (6.17). The point α max does not belong to G. Indeed, if we suppose that α max ∈ G we get the conditional extremum relation dΦ(α) = 0 (6.18) at α = α max , where 19) and λ 1 and λ 2 are Langrange multipliers. It follows from (6.18) and (6.19) that
at α = α max . Relations (6.20) and (6.21) imply λ 2 = 0 and α 4 = α 5 . The latter contradicts the inequality α 4 < α 5 for points in G. Thus, α max ∈Ḡ \ G. The set ∂G =Ḡ \ G is a border of the curved tetrahedronḠ. It is a union of four faces 25) six edges 31) and four vertices
The point of maximum α max does not belong to any face Γ a , a = 1, 2, 3, 4. Indeed, if we suppose that α max belongs to some face Γ a we get the conditional extremum relation (6.18) with modified Φ: 
but f (α) < 0 in these points and hence they are not the points of maximum. Thus, α max belongs to the set of vertices:
39)
The points n 1 , . . . , n 5 from Proposition 5a are not strongly illuminated (see Proposition 1a). Thus, Proposition 5, Proposition 5a and Proposition (from Section 4) imply that the billiard B (4.28) has a finite volume but its closureB is not compact. Points n 1 , . . . , n 5 ∈ S 3 are ending points of five "horns" of B.
(These "horns" look similar to potential energy "valleys" that occur in some toy models, e.g. related to M(atrix) theory [51] ).
Using relations (4.44) one may verify that 46) i, j = 1, . . . , 5. This means that n 1 , . . . , n 5 are vertices of a 4-dimensional simplex.
Here we considered the billiard B generated by ten sources, corresponding to non-zero charges : Q s = 0, s ∈ S. If some charges are zero: Q s = 0, s ∈ S 0 , then the corresponding points v s , s ∈ S 0 (S 0 = ∅) are "switched off" and billiard is generated by m ≤ 9 point-like sources. In this case we have the following proposition.
Proposition 5b. In terms of Proposition 5 any subset of sources v s , s ∈ S \ S 0 , with S 0 = ∅, does not illuminate the Kasner sphere S 3 and hence the billiard B generated by this subset has an infinite volume.
Proof. Without a loss of generality let us suppose that S 0 contains s(1, 2, 3), i.e. at least the source at v s , s = s(1, 2, 3), is "switched off". Then, the point n corresponding to the set α = (α i ) from (6.41) belongs to the shadow, since 
Inclusion of Chern-Simons term
Now we consider the total bosonic sector action for D = 11 supergravity with the ChernSimons term included:
where S tr is defined in (6.1), c = const, (F = dA). Since the second term in (6.48) (ChernSimons term) does not depend upon a metric the Einstein equations are not changed. The only modification of equations of motion is related to "Maxwell" equations d * F = const F ∧ F. in all points z ∈ M.
Proof. Let us suppose that the Chern-Simons term vanishes in some point (i.e. relation (6.50) in some point is satisfied). Since forms τ ({ i}) are linearly independent at any point, we obtain P i = 0, i = 1, 2, 3, 4, 5, or explicitly where we denote Q ijk = Q s for s = s(i, j, k), 1 ≤ i < j < k ≤ 5. Let us denote k 2 = Q 345 , k 3 = Q 245 , k 4 = Q 235 , k 5 = Q 234 and a = Q 145 , b = Q 135 . From (6.59) we get
From the relation k 3 P 3 + k 4 P 4 + k 5 P 5 = 0 we get Hence a = b = 0. But this contradicts our supposition, that Q s = 0. So, the proposition is proved. Thus, it follows from Proposition 5b and Proposition 6, that the inclusion of the Chern-Simons term leads us to the billiard B of infinite volume. In this case some Kasner (shadow) zones are opened and we have the Kasner-like behaviour near the singularity.
Discussions
In this paper we considered the behaviour near the singularity of the multidimensional model describing the cosmological evolution of several Einstein spaces in the theory with scalar fields and fields of forms. Using the results from [43, 44, 45] we obtained the billiard representation on multidimensional Lobachevsky space for the cosmological model near the singularity. We suggested and studied examples with oscillating behaviour near the singularity in the model with four p-branes and a square billiard and in the model with three p-branes, when the billiard is a triangle (like it takes place in Bianchi-IX model). A 4-dimensional billiard with a finite volume in the "truncated" D = 11 supergravity was also considered. It was shown that the inclusion of the Chern-Simons term leads to the destruction of some confining walls of the billiard.
